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A B S T R A C T  

We characterise the modules B of homological type FPm over a finitely 
generated Lie algebra L such that L is a split extension of an abelian 
ideal A and an abelian subalgebra Q and A acts trivially on B. The 
characterisation is in terms of the invariant A introduced by R. Bryant 
and J. Groves and is a Lie algebra version of the generalisation [K 4, 
Conjecture 1] of the still open FPm-Conjecture for metabelian groups 
[Bi-G, Conjecture p. 367]. The case m = 1 of our main result is treated 
separately, as there the characterisation is proved without restrictions on 
the type of the extension. 

I n t r o d u c t i o n  

The purpose of this paper is to formulate and establish in the split extension case 

the counterpar t  of the generalised FPm-Con jec tu re  suggested in [K 4, Conj. 1] 

and [K 2, Conj. 6] for finitely generated metabe l ian  Lie algebras. The original 

FP,~-Conjec ture  [B-G 1] describes when a finitely generated metabe l ian  group 

G is of homological type F P m  in terms of the invariant  

E l ( G )  C S(G) = {[~] = R>0X I X �9 Horn(G, R) \ { 0 } } .  

Though the FPm-Conjec tu re  for metabe l ian  groups is still open it is known to 

hold in the following cases: m = 2 [B-S], m = 3 and G a split extension of abel ian 

groups [B-H], G of finite Prufer  rank [/~], G a torsion analogue of a group of finite 
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Prufer rank [K 1]. A proof of the pro-p version of the FPm-Conjecture for finitely 

generated metabelian pro-p groups suggested in [King] can be found in [K 3]. 

The question of finite presentability of metabelian Lie algebras is addressed 

in [B-G 1] and [B-G 2] where R. Bryant and J. Groves give a characterization 

of finite presentability in terms of the invariant A. In [W] links between finite 

presentability and an HNN-construction for Lie algebras are investigated. This 

approach gives the surprising result that for a finitely presented Lie algebra with- 

out free subalgebras of rank two the ideals of codimension one are finitely gener- 

ated as subalgebras. 

In this paper we examine some homological finiteness properties of modules 

over metabelian Lie algebras. A module over a Lie algebra L (over a field K) is a 

module over its universal enveloping algebra U(L). We are primarily interested 

in modules B over L such that some abelian ideal A of L with L / A  abelian has 

the property that A acts trivially on B. This includes the case of the trivial 

module K.  

THEOREM A: Suppose L is a finitely generated Lie algebra over a field K,  A is 

an abelian ideal in L with Q = L / A  abelian and B is a finitely generated (right) 

module over the universal algebra U(Q) of Q. Then the following are equivalent: 

1. B is finitely presented as a module over L (i.e., as a module over the universal 

algebra U ( L ) of L) where the action of L is via the canonical projection ~r: L -+ Q. 

2. A | B is finitely generated over the universal algebra U(Q), where U(Q) 

acts via the diagonal homomorphism O: U(Q) -+ U(Q) | U(Q) sending q C Q to 

q |  

3. A(Q, A) n - A ( Q ,  B) = [0]. 

COROLLARY B: Suppose L is a finitely generated Lie algebra over a field with 

an abelian ideal A such that Q -- L / A  is abelian. Then L is finitely presented as 

a Lie algebra i f  and only i rA  is finitely presented as a module over U(L). 

The group counterpart of the equivalence of conditions 1 and 3 from Theorem 

A is considered in [K 2, Prop. 5]. There only the case of split extension groups 

is solved leaving the question for non-split groups open. 

The main result of this paper is the proof of the Lie algebra version of the 

generalised FPm-Conjecture. In the Lie algebra case the Bryant-Groves invariant 

A will play the role of the Bieri Strebel invariant El(G) c. Note we establish the 

result only for split extensions metabelian Lie algebras. The group theoretic 

analogue of the equivalence of conditions 1 and 3 from Theorem C is still an 

open problem. 
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THEOREM C: Suppose L is a finitely generated Lie algebra over a field K, A is 

an abelian ideal in L with Q = L /A  abelian and B is a finitely generated (right) 

module over the universal algebra U(Q) of Q. We further assume that L is a 
split extension of A by Q. Then the following are equivalent: 

1. B is of type FPm over L; 

2. B | (| A) is finitely generated over U(Q) via the diagonal action; 

3. whenever [v2],..., [vm+l] �9 A(Q, A), [vii �9 A(Q, B) and [0] = [vl] + ' "  + 

then all [vd = [o]. 

1. P r e l i m i n a r i e s  o n  t h e  i n v a r i a n t  A 

The classification of the finitely presented Lie algebras over a field K given in 

[B-G 1], [B-G 2] depends on the invariant A(Q, A), where A is an abefian ideal 

of L with abelian quotient Q = L/A. Let K[Q] be the polynomial algebra on n 

commuting variables where n is the dimension of Q. Note that by the Poincare 

Birkhoff Witt  Theorem, for every abelian Lie algebra L0 over a field K the 

universal enveloping algebra U(Lo) of L0 is isomorphic to the symmetric tensor 

algebra S(Lo) of L0, i.e., S(Lo) is the quotient of the tensor algebra of Lo over 

K through the ideal generated by x | y - y  | x for x, y E Lo. In particular, K[Q] 

is isomorphic to the universal enveloping algebra U(Q) of Q. By definition for a 

finitely generated K[Q]-module A 

A(Q, A) = {Ix] [ X �9 HomK(Q, K((t))),  X is extendable to a homomorphism 

of rings X': K[Q]/Ann(A) --+ K((t))} C HomIr(Q,K((t)))/HomK(Q,-K[[t]]), 

where [X] = X + Horn(Q, K[[t]]), K is the algebraic closure of K, K((t))  is the 
field of fractions of K[[t]] and Ann(A) is the annihilator of A in K[Q]. The main 

result of [B-G 1], [B-G 2] asserts that L is finitely presented as a Lie algebra if 

and only if the exterior square of A (over K) is finitely generated over K[Q] via 

the diagonal adjoint action if and only if whenever [X1], IX2] �9 A(Q, A) \{[0]} 

we have IX1] + IX2] # [0], i.e., A(Q, A) has no non-zero antipodal elements. The 

finite generation (over K[Q]) of the exterior square of A turns equivalent to the 

finite generation (over K[Q]) of the tensor square of A. 

LEMMA 1: Suppose 0 --+ 1/1 --+ V --+ V2 --+ 0 is short exact sequence of finitely 

generated K[Q]-modules. Then 

A(Q, V) = A(Q, V1) U A(Q, V2). 

Proof." Observe firstly that A(Q, V) is defined in terms of the annihilator of 

V. More precisely, it is defined in terms of the prime ideals containing the 
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annihilator, since the kernel of the extension X' of X for IX] E A(Q, V) is a prime 

ideal. Thus, if Ann(V) C Ann(W), then A(Q, W) c_ A(Q, V). More precisely, if 

X': -K[Q]/ann(W) -4 K(( t ) )  is the map showing that [X] E A(Q, W), then we can 

combine this with the natural surjection K[Q]/ann(Y) -4 K[Q]/ann(W) to show 

that [X] E A(Q, Y). Since the annihilator of any proper submodule or quotient 

contains the annihilator of V, this shows that A(Q, V1) u A(Q, 1/2) c A(Q, Y). 

For the converse, suppose that I1 and I~ are the annihilators of V1 and V2. Then 

IlI2 annihilates V. Suppose that [X] E A(Q, V) and that the corresponding map 

induced on K[Q] is )C' with kernel P.  Then Ili2 C_ Ann(V) C P and so, as P is 

a prime ideal, I1 C P o r / 2  C_ P. It follows, as in the previous paragraph, that  

[X] E A(Q, Ul) or [X] E A(Q, V2). 

LEMMA 2: Suppose V is a finitely generated K[Q]-module. If  

Ix] E v) \{[0]}, 

then there exists a non-trivial linear map w: V -4 K((t))  such that w(vq) = 

w(v)x(q) for all v E V and q E Q. 

Proof." We start with the observation that in case V is 1-generated as a module 

over K[Q] we have Y ~_ K[Q]/ann(V) and the linear map w can be defined as 

the ring homomorphism X': K[Q] -4 K((t))  extending X. 

Note that V is a finitely generated over K[Q] and so Noetherian module. We 

shall assume that the statement is true for every proper quotient of V but not 

for V itself. Choose IX] E A(Q, V) so that there is no associated w. Denote the 

kernel of X' by P. Observe that if [)/] E A(Q, W) for any proper quotient W, 

then the assumption allows us to find a map w: W -4 K((t))  which can then 

be extended to V via the natural epimorphism V -4 W. Thus by Lemma 1, 

IX] E A(Q, L) for any non-zero submodule L of V. In particular, looking at the 

associated primes of V and their victims, any associated prime of V must lie in 

P.  

Now we consider the primary decomposition 0 = Ni<_8 Li of the trivial sub- 

module of V given by [Bo, Ch. 4, Section 2, Thm 1], i.e., all quotients V/Li are 

K[Q]-modules with one associated prime depending on i. If V has more than 

one associated prime, then all Li are non-zero, and hence V/Li are proper quo- 

tients of V. Note V embeds in V/L1 | .. .  (9 V/L8 and by the previous lemma 

[X] E A(Q, V) c_ A(Q, V/L~ @.. .  @ V/Ls) = Ui A(Q, V/Li), i.e., for some i we 

have [X] E A(V/Li) ,  a contradiction. Then we can assume that Y has just one 

associated prime I (remember every associated prime is in P,  hence I C P).  
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This implies that V.I m = 0 for some m and V/V.I  has annihilator I in K[Q]. 
If V.I ~ O, then V/V.I  is a proper quotient of V with annihilator I and hence 

[X] C A(Q, V/V.I), a contradiction. Then we can assume that V.I = 0, i.e., I is 

the annihilator of V in K[Q]. Furthermore, it is well known [Bo, Ch. 4, Section 

1, Prop. 2] that the maximal elements in the set {Ann(x) I x C V \ 0} are as- 

sociated primes for V, thus for every x C V \{0}  its annihilator in K[Q] is the 

ideal I. All this shows that V is torsion-free as K[Q]/I-module. 
We show that the annihilator of V/V.P in K[Q] is P. This will imply that 

if I r P the module V/V.P is a proper quotient of V and [X] E A(Q, V/V.P), 
a contradiction. Suppose that the annihilator of V/V.P is larger than P, i.e., 

contains an element A E K[Q] \ P. Then for a finite generating set of e l , . . . ,  e,~ 

of V over K[Q] there exist elements fi,j c P such that eiA = :~-~j ejfi,j for all 

i < m. Then e~ det(A) = 0 for every i < m where A is the matrix with entries 

A(fi,j - f~,j, 5~,j is the Kroneker's symbol, and hence det(A) ~ ann(ej) = I C_ P. 

As det(A) E .~m ~_ p we have that/~m C P, a contradiction. 

From now on we assume I = P. We claim that there is a suitable map 

w: V --+ K((t)) extending X, which will be a contradiction completing the proof. 

Set R = K[Q]/P and let S denote the field of fractions of R. Observe that X 

induces a homomorphism X ~ from S to K((t)). Also observe that R is finitely 

generated over K and so S has finite transcendence degree over K. As V is R- 

torsion-free, it embeds in V | S which is a finite dimensional vector space over 

S. But K((t)) has infinite transcendence degree over K and so also over x'(S). 
Thus K((t)) contains x'(S)-subspaces of arbitrary finite dimension. Hence there 

is a subring of K((t)) which is isomorphic to V | S via an isomorphism X" 

which agrees with X ~ on S. The required map w is then given by a combination 

of V -+ V | S --+ K((t)). This completes the proof. 

2. P r o o f  of  P r o p o s i t i o n  3 

This section is devoted to the proof of one of the implications of Theorem A. Our 

proof uses the techniques developed in [B-G 1, section 2]. As the proof is very 

long and technical it is split into several steps. 

PROPOSITION 3: With the assumptions of Theorem A, 2. implies I. 

Proof." 1. Let a l , .  �9 a~o, Yl , . . . ,  yn be a generating set of L such that a l , . . . ,  a~ o 

E A and the images X l , . . . , x n  of Yl, . . . ,Yn in Q = L/A form a basis of Q. 

Furthermore~ for all 1 <_ j < i _< So assume ai,j = [Yi,Yj] C {a l , . . . , a so}  U {0}. 

Let F be the free Lie algebra on the generators X 1 , . . . , X n  and U(F) be its 
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universal algebra. We define 

p: U(F) U(Q) 

to be the homomorphism of K-algebras sending X~ to xi, 

L,: U(Q) -+ U(F) 

the linear map sending xil . . . x i  k to Xi~ ... Xik for il _ " "  _ ik and 

~: U(F) --~ U(L) 

the K-algebra homomorphism sending Xi to Yi. Then p = 7 o ~, where 

T: U(L) -+ U(Q) 

is the homomorphism of associative K-algebras induced by the canonical projec- 

tion L --4 Q. 

The elements X~ 1 . . .  Z ~  k and x~ 1... x~ n of U(F) and U(Q) are called mono- 

mials of degree c~1 + . . .  + ak and/~1 + "'" +/3~ respectively. If f = f l  | f2 is a 

monomial in U(F)| (resp. U(Q)QU(Q)) the degree of f is deg(f l )+deg(f2) .  

For a general element f of U(F), U(Q), U(F) | U(F) or U(Q) | U(Q) the degree 

deg(f)  is the maximal degree of the monomials in the support of f .  By definition, 

for a subspace J of U(F) ,  U(Q), U(F) | U(F) or U(Q) @ U(Q) the subspace Jt 
is spanned by all elements of J of degree at most t. 

Note that  U(L) acts on A via the adjoint (right) action. As A is abelian this 

makes A a right U(Q)-module. More precisely, if f = gx~ is a monomial in U(Q) 
the image of a c A under the action of f denoted by aof  is (aog)ox~ = [aog, Yi]; 

furthermore, a o 1 = a and this definition is extended by linearity for arbitrary 

elements of U(Q). If f �9 U(L) we write a o f for a o T(f). 
2. We adopt the notations from [B-G 1] and for an element A �9 U(Q) write 

A(u), A(v) and A(d) for A | 1, 1 | A �9 U(Q) | U(Q) and the image of A under 

the diagonal ring homomorphism 

5: U(Q) -+ U(Q) | U(Q) 

sending q C Q to q | 1 + 1 | q. Similarly, we define for an element ~ c U(F) 
elements A(U), A(V) and A(D) in U(F) | U(F). 

Now let b l , . . . ,  bm be a generating set of B over U(Q). We remind the reader 

that  a l , . . . , a s o  is a generating set of A as a V(Q)-module. Since U(Q) is a 
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Noetherian ring the annihilator ideals Annu(Q)bi and Annu(Q)aj are finitely 

generated over U(Q), i.e., for some elements gu, gjt c U(Q) 

Annu(Q) bi : ~-~.guU(Q), Annu(Q)aj = ~gj tU(Q) .  
t > l  t > l  

Similarly to [B-G 1, (3.1)] 

(1) Annu(Q)| (bi | aj) = Annu(o)(bi) | U(Q) + U(Q) | Annu(Q)(aj). 

We claim that for every 1 < r < m, 1 < s < So,1 < k < n there exist elements 

r r e U(Q) | U(Q), f~ki c U(Q) and an integer l independent of r, s 

and k such that 

(2)  + + + = 0. 
o<i<l j>_l j_>t 

In the case when B = A, formula (2) is proved in [B-G 1, (3.3)]. The general case 

can be proved using the same argument. For completeness we sketch a proof. The 

U(Q)-submodule of B | A generated by {br | (a~ o x~)}j_>0 is finitely generated, 

say by {br | (as o x~)}0<j<l. Then for some f~ki(d) E U(Q) | U(Q), 

xk(v) ~+1 + E xk(v)ifi.~ki(d) E Annv(Q)| | as). 
i<l  

Now (2) follows immediately from (1). 

3. Let 0: (~i<_,~ eiU(L) --+ B be the homomorphism of U(L)-modules sending 

the generator ei of the free module (~i<m eiU(L) to hi. Then B is finitely pre- 

sented over U(L) if and only if Ker 0 is finitely generated over U(L). We remind 

the reader that Annv(Q) bi = ~ t > l  gitU(Q) and define 

= {ei~,(g~j)}i,j>_l and Xt = {ei~(fl)(aj o P(f2))l 

f l ,  f2 monomials in U(F), deg(flf2)  <_ t, i <_ m,j  <_ So}. 

Denote by Vt the U(L)-submodule of Ker 0 C_ (~i<m eiU(L) generated by the 

finite set Xt U X. We aim to prove that for sufficiently big t, 

y t z Yt+l"  

Suppose we have done this. Then as every Vm is finitely generated over U(L) the 

union V = [.Jm>l V,~ is finitely generated over U(L). By construction KerO/V 
is a surjective image of the quotient of Ker 0 through the U(L)-submodule T 
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generated by Ut>i Xt. Note that  KerO/T is the kernel of the homomorphism 

of U(Q)-modules ( ~ < m  eiU(Q) -+ B sending ei to bi. As the domain of this 

homomorphism is finitely generated over U(Q) and U(Q) is Noetherian, we de- 

duce that  Ker O/T is finitely generated over U(Q) and hence finitely generated 

over U(L). In particular, KerO/V is finitely generated over U(L). Finally, as V 

is finitely generated over U(L) we deduce that  Ker 0 is finitely generated over 

U(L), as required. 

LEMMA 3.1: If  f i , f2 ,  f3 are monomials in U(F) such that deg(flf2f3) < 2t, 
then 

eir o p(f2) )(atc o P(f3) ) E Vt. 

Proof: We induct on deg(fi) .  If  f l  = 1 then deg(f2) < t or deg(f3) < t, say 

deg(f3) < t. Then ei(ak 0 P(f3)) and consequently ei(ak 0 p(f3))(aj 0 P(f2)) are 

elements of V~. 

If f i  = gY for some Y = Xj we have 

ei~(fl)(aj o p(f2) )(ak o P(/3)) = e,r162 aj 0 p(f~)](ak o P(/3)) 

+ei(p(g)(aj a p(f2) )[~P(Y), ak o P(f3)] + ei~(g)(aj o p( f2 )  ) (ak o P(f3)  ) ~ ( Y )  

= - e i ~ ( g ) ( a j  o p ( f 2 Y ) ) ( a k  o P( f3) )  - e i ~ ( g ) ( a j  o p ( f2 ) ) (ak  o P ( f 3 Y ) )  

+ e i ~ ( g ) ( a j  o p ( f= ) ) (ak  o p ( f 3 ) ) ~ ( Y ) .  

By induction, all summands are elements of V~ and the proof is completed. 

We consider U(L) | U(A) as a (right) module over U(L) | U(L), where the 

action is component-wise, the first component U(L) acts via right multiplica- 

tion and the secor~d via the adjoint action of L on A. Remember that  as A 

is abelian Lie algebra we have that  the universal enveloping algebra U(A) is 

isomorphic to the symmetric tensor algebra S(A) = ~k>l  SkA" The right ac- 

tion of U(L) on U(A) can be described as follows: for W l , . . . , w k  E A,l  E L 

the image of w~..-wk �9 SkA C U(A) under the action of I is (wl"' 'Wk) o l = 
~l<i<k Wi' '" (wiol)...Wk; note that  in this case, as I �9 L we have wiol = [wi,1]. 
We write * for the described action of U(L) | U(L) on U(L) | U(A) and remind 

the reader that  by definition for a subspace J of U(F), U(Q), U(F) | U(F) or 

U(Q) | U(Q) the subspace .It is spanned by all elements of J of degree at most 

t. 

LEMMA 3.2: Let #: U(L) | U(A) --+ U(L) be the linear map sending Ai | A2 to 

AIA2. Then 
1. fori <_ m , j  <_ so and A �9 (Kerp| we have 

e, tt((1 | aj) * (W| ~)(A)) E Vt; 
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2. the map #: U(L) | U(A) -+ U(L) is a homomorphism of U(L)-modules 
where U(L) acts diagonally on the domain, i.e., via the diagonal homomorphism 
U(L) -+ U(L) | U(L) sending I c L to l | 1 + 1 | I. 

Proo~ Note tha t  Ker(p  | f l )2 t+l  is spanned by pAq, where p, q are monomials  

in U(F) | U(F), deg(pq) _< 2t - 1 and A is [X, ,  XZ] | 1 or 1 | [X~, X/~] for some 

a >/3 .  For the subset  U(L) | A of U(L) | U(A) we have 

(U(L) | A ) ,  (9~ | ~)(1 | I X , ,  X3]) C_ U(L) | (A o [ya, yz]) = 0. 

Hence it is sufficient to consider only the case A = [X~, X3] | 1. We write 

p = pl(U)p2(V), q = ql(U)q2(V) for some monomia ls  Pl,P2, ql, q2 E U(F). Then  

(1 | aj) * (~ | ~)(pAq)  = ~(p l [X~,  X~]ql) | (aj o P(P2q2)) and using [y~, y~] = 

a~,z C { a x , . . . , a s o }  0 {0} we get 

#((1 | aj) * (qo | qo)(pAq) ) = ~(pl)aa,~(ql) (aj  o P(P2q2) ) 

---- (fl(pl)[ac~,/3, (fl(qi)](aj o P(P2q2)) + (fl(Pl)~(ql)aa,~(aj o P(P2q2)) 

: ~(Pl)(a(x,f~ o p(qi))(aj o P(P2q2)) + V(plql)aa,~(aj o P(P2q2)). 

By Lemlna  3.1 bo th  summands  are in Vt. 

The  second pa r t  of the l emma  follows immedia te ly  from the definition of the 

m a p  p. 

PROPOSITION 3.3: There exists a positive integer to such that for t >_ to we have 

Vt = Vt+l. 

Proof: We fix to = max{/n ,  e0 - l - 1}, where l is the positive integer used in 

(2) and e0 is the max imal  degree of a monomia l  ill (2). 

Let  f l ,  f2  be monomials  in U(F) with deg(flf2) = t + 1 _> to + 1. If  fl # 1 we 

write f l  = gY for some Y C { X 1 , . . . ,  Xn}. Then  

qo(fl)(aj o P(fu)) -- qo(g)qo(Y)(aj o p(A))  = ~(g) [v (Y) ,  a~ o p(f2)] 

+qo(g)(aj o P(f2) )9~(Y) = -9)(g)(aj o p(f2Y) ) + v(g)(aj o p(f2) )~(Y),  

i.e., ei~(f l)(aj  o P(f2)) is in the U(L) - submodu le  genera ted by the elements  

ei~(f)(aj  o p(fa)) for deg ( f )  < deg(f l ) ,deg(f f3)  <_ deg( f l f2 ) .  Therefore to 

complete  the proof  of the proposi t ion it is sufficient to show ei(aj o p(f))  E Vt 
for all monomials  f in U(F) with deg ( f )  = t + 1. 

As t + 1 _> In + 1 we can assume tha t  for some k we have ak _> 1 + 1 and f -- 
x l + l  y a l  . . .  X a k - l  yc~k - - I - -1V 'ak+l  . .  Ctn ( remember  p(f)  C U(Q) and U(Q) is k ~ 1  k - 1  ~ k  l ~ k + l  " X n  
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commutat ive ) .  Then  (2) implies 

(3) (~k Xl �9 . . X k _  1 X k X k +  1 

where 

= Z 
i</  

= 1 �9 "'Xk-1 k Xk+l "''Xann)(V) ' 
J 

n = Z g s j ( W ) r  l"''xk-lak-lxkak-l-lxk+lak+''''xann)(v)" 
J 

The degrees of the elements involved in (3) are bounded above by eo + deg(f)  - 

l -  l = e o + t - l  < 2 t +  l. 

Note that a belongs to the U(Q)-submodule of U(Q) | U(Q) (via the diagonal 
action) generated by the subspace (U(Q) | U(Q))t. We can lift a to an element 

from the U(F)-submodule of U(F) | U(F) generated by (U(F) | U(F))t, i.e., 

(p |  p)(a) = a. We can find ~ = E j (u (g ~ ) ) (U)~ j ,  ~ = E j ( u ( ~ j ) ) ( V ) ~ j  both 

in (U(F) | U(F))2~+~ such that (p | p)(/~) = /~, (p | p)(~) = % We remind 

the reader that for an element A �9 U(F) the elements A(U), A(V) and A(D) in 
U(F)| are A| I| and the image of A under the diagonal homomorphism 

U(F) --4 U(F) | U(F). Then (3) implies 

(4) f(V) + a + fl + ~ e Ker(p | P)2t+l. 

Now Proposition 3.3 follows from Lemma 3.4. Indeed, Lemma 3.4 together with 

(4) implies er(as o p(f)) = er#((1 | as) * (9) | ~) ( f (V)))  �9 Vt- 

LEMMA 3.4: For A �9 {~, ~, ~} U Ker(p | P)2t+l, 

e,.#((1 | as) * (~ | qo)(A)) �9 V~. 

Proof'. If A = /3 then e~#((X | as) * (~ | ~)(A)) �9 Z j  e~((pv(g,.j))U(L) C_ 
E~e~ xU(L) C C_ Vt. 

If A = ~ then (1 | as) * (~ |  ~)(A) = 0. 
If A = ~ we use Lemma 3.2(2) to deduce e~#((1 Gas )*  (~ |  ~)(A)) C_ e~#((1 | 

a~) �9 (U(L) | U(L))t)U(L) C_ lit. 
Finally, if A �9 Ker(p @ P)2t+l we use Lemma 3.2(1). This completes the proof 

of Lemma 3.4, Proposition 3.3 and Proposition 3. 
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3. P r o o f s  o f  t h e  m a i n  t h e o r e m s  

LEMMA 4: Under the conditions of Theorem A, if B is finitely presented over 
U(L) then B | A is finitely generated over U(Q) via the diagonal action. 

Proof." Consider the following diagram with the first row an exact complex of 

U(L)-modules  and the second row an exact complex of U(Q)-modules,  

( 5 )  - 4 1 .  

Q I = B | 1 7 4  - ~  Q o - - B |  -~+ B -+ 0 

where Ro, n l  are free U(L)-modules  of finite rank, 0o(ei) = bi, do(b | A) = be(A), 

e is the augmenta t ion  map U(A) -+ K and dl(b | a | A) = b | aA. Note tha t  

the b o t t o m  row is obtained by tensoring a beginning of the s tandard  resolution 

for K over U(A) with the module B. As all our tensors are over a field tensoring 

preserves the exactness, i.e., the b o t t o m  row is exact in a sense tha t  h n d l  = 

Ker do and do is surjective. Note we do not claim tha t  dl is injective, in fact this 

is not  true. The same remark is valid for the top row, i.e., in general 01 is not 

injective but  Im01 = Ker00,  00 is surjective. 

Let a:  U(Q) ---+ U(L) be the composit ion ~o o u, where ~o and u are the maps 

defined in section 2. We fix a finite generat ing set { ~  eiA~,j}j C ~ < m  e~U(Q) 
over U(Q) of the kernel of the U(Q)-homomorph i sm @i<m eiU(Q) + B sending 

ei to hi. Then  

i < m  j i < m  

and we can assmne R1 has a finite basis X1 tO X2 such tha t  01(X1) C_ Ui<m eiA, 

Now we want to construct  homomorphisms of U(A)-modules  fli: Ri -+ Qi for 

i = 0,1 tha t  extend the identity on B and commute  with the differential of the 

diagram (5). Define/~0:R0 + Q0 by 

/~o(eia(x~l k . . . .  xk")) | A for A e U(A). �9 . . x n  )A)  = 1 

We view B | U(A) as a U(Q)| u(O) -modu le ,  where for b �9 B,  A �9 U(A), t~, t2 �9 
U(Q) we have that  the image (b|174 o f b |  under tt|  is bt~| 
where o is the action of U(Q) on U(A) defined in the previous section. The 

definition of fll is as follows: 131(X2U(L)) = 0 and for x �9 X1, A �9 U(A) such 

tha t  01(x) = eia 

. . .  = | . . .  | 
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where 5: U(Q) --+ U(Q) | U(Q) is the diagonal homomorphism. 

Now we show that  d1~1 =/3o01. Note that  it is sufficient to show dl131(xl) = 

~o01(xl), where x �9 X , I  = a(x~ ~ .. . x ~ ) A  �9 U(L) for A �9 U(A).  Suppose first 

that  x = x2,j �9 X2. T h e n / ~ ( x l )  = 0 and floO~(xl) is 

~ O ( E  ei(~(~,j)O/,(X~ 1 �9 �9 " x k n ) / ~ )  = ( E b i / ~ i , j x  k l~  * , x  kn  ) |  ~-- 0 |  = 0 ,  

i i 

Hence d1/31(xl) = 0 = l~o01(xl), as required�9 

Now we suppose that  x e X1 and 01(x) -- eia. Then dl/31(xl) -- 

dl ((bi | a)$0(xk~ . . .  x k~) | A) and/3o01 (xl) = /30(eiaa(x~ ~ . . .  x~ ~)A). The fol- 

lowing claim finishes off the proof that  dlfll (xl) =/3o01(xl). 

CLAIM: For every b E B,  a E A, A E U(A),  r c a(U(Q))  such that the image of 

eir in B is b, i.e., 01(eir) = b, we have 

d l (  (b | a)~(~(X kl �9 ~ ~ x k .  ) |  : ]~o(~iraoL(x kl ~ , ~ X~n )/~ )�9 

Proof: We use induction on the sum of the absolute values of all ki. In the case 

when all ki = 0 we have dl(b | a | A) = b | aA = ~o(eiraA). 

Suppose kl . . . . .  ki-1 = 0, ki r 0 and ci is the sign of ki. Then 

(b| a )M(x  k l . . . x  k~) is 

�9 = ~ , , , ~ ,  k~-~, . . .~ , , )  ((b| k'-~' ..@n'~)) (bx~' | 1 7 4  ( a o x  i )) okx i 

k~ and ( e i raa (xk~ . . . xn  )) is 

k~ ~ a ~ ( x ~ '  ) ~ ( x ~ - ~ '  . . . ~ o  ) = ( ~ r ( a  o ~ ,  ) + ~ r ~ ( ~ ' ) a ) ~ ( ~  ~-~'  . .  . ~  ). 

Then by the inductive assumption we have 

dl((b| 1. .�9 Xkn'*) | ---- dl((bx e~ |  + b| (ao xiCi\,.~c,')) o(xiki-s , �9 � 9  |  

kn = d l  ((bx~' | a)~,5(x/k'-r n ) @ ,k) + dl (b | (a o x~'))2,5(x~'-r  xkn n ) | A) 

= Z o ( ~ , r y ? a ~ ( x ~ - ~ ' . .  �9 X ~ n ) ~ )  + Z 0 ( ~ r ( a  o X ~ ) ~ ( X ~  ' - ~ '  " ~ ' ) ~ )  

k~ f lo(eiraa(xk, �9  k~ = flo((eiry~'a + eir(a o X ~ ' ) ) a ( X ~ - c i . . . x n  )A) -- . x  n )A), 

as required�9 Note this completes the induction and the proof of the claim. 

Now we extend the rows of the diagram (5) to projective resolutions/r  and Q 

over U(L) and U(A) respectively and extend ~0, fl~, to a chain map fl: 7~ --+ Q of 

complexes over U(A). The resolution Q is chosen in a special way. By definition 
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it is B | $- with differential the tensor product of the identity of B with the 

differential of .T, where )t- is the 'standard' resolution over U(A) 

P: . . .Fi  =- AiA|  -+ Fi-1 = A i - IA |  - + ' "  --+ Fo -- U(A) --+ K -+ 0 

with differential sending 

(al A . . .  A ai) | A to ~ ( - 1 ) J ( a l  A . . .  A a,j A . . .  A ai) | ajA. 
J 

The complex ~" is exact by [C-E, Ch. 13, Thin 7.1]. Note that we can use 

both resolutions Tr and Q to calculate the abelian group To r t  (A) (K, K).  As the 

chain map fl (over U(A)) extends the identity of K (i.e., d0/~0 = 00) we deduce 

that ~ induces an isomorphism between the homology groups Hi(Tt | K)  

and Hi(Q | K) (this is the same argument as the one that shows that the 

homology groups of a group or Lie algebra are independent of the resolutions 

chosen). As the differential of Q is the tensor product of the identity of B with 

the differential of $- and all our tensors are over a field (the field K),  we deduce 

that Hi( Q | K)  _~ B | Hi(.~ OU(A) K) ~ B O AiA. 
Finally note that H1 (Ti| is finitely generated over U(Q). Then B|  ~_ 

HI(Q | K) is an U(Q)-module via fll and by the definition of/~1 the action 

of U(Q) is the diagonal one. This completes the proof of Lemma 4. 

LEMMA 5: If  L is a split extension of A by Q and B is of homological type 

FPm over U(L) then B | (AmA) is finitely generated over U(Q), where U(Q) 
~m-kl 

acts via the diagonal homomorphism U(Q) -+ U(Q) sending q c Q to 

E o < i < m  I |  | |  |  | 1. 
Y y 

i times m--i times 

Proof'. Suppose 
~ :  "'" --~ R i  0 , ) . . .  Ol )R  0 oO>B --+ 0 

is a free resolution of B over U(L) such that Ri for i < m is finitely generated and 

Q = B | ~ is the resolution considered in the proof of Lemma 4 with differentials 

denoted by di. 

Now we construct a chain map (~: 7r --~ Q over U(A) inducing identity on B. 

First Ri = Ti | U(L) ~- Ti | U(Q) for some free U(A)-submodule Ti of 

Ri. We want to define a in such a way that ai( t f )  = ai(t) f for all t C Ti, f a 

monomial in U(Q), where upper index f denotes the image under the diagonal 

action of f .  We proceed by induction on i. Suppose we have constructed ai-1;  

then there exists a homomorphism of U(A)-modules /3i: Ti --+ Qi such that 
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di/3i = a~-10~. We set a~(tf) =/~i(t)  / for t E T~, f a monomiM in U(Q). It is 

easy to check that (~i is a homomorphism of U(A)-modules and di(~i = (~i-10i. 

Finally, a~ induces an isomorphism between the homology groups Hi(Q| K) 
and Hi(Ti| K). The latter is a finitely generated U(Q)-module for i ~ m and 

by construction the induced by a action of U(Q) on Hi(Q| ~- B | (AiA) 

is the diagonal one. 

THEOREM 6: Suppose A and B are finitely generated U(Q)-modules. 
1. B| (| A) is finitely generated over U(Q) via the diagonal action if and only 

if whenever Iv2],.. . ,  [Vm+i] �9 A(Q, A), [vi] �9 A(Q, B) and [0] = [vi]+..  "+[Vm+i] 

we have [vii = [0] for all i. 
2. I f  B | (AreA) is finitely generated over U(Q) via the diagonal action, then 

B | (| is finitely generated over U(Q) via the diagonal action. 

| 
Proof." 1. We write M for B | (| A) and view it as a module over U(Q). 
Then the diagonal embedding 0: U(Q) _+| U(Q) induces a map 

0": A(Qm+i ,M)  -+ A(Q, M). 

By [B-G 2, Prop. 3.1] M is finitely generated over U(Q) via the diagonal action 

if and only if (0")-i([0]) = [0]. As shown in [B-G 2] there is a direct product 

formula 
A(Q re+l, M) -~ A(Q, B) • (A(Q, A)) m 

and under the identification given by the above isomorphism 0" sends 

([vii, [v2],. . . ,  [Vm+l]) to ~-~j[vj]. This implies immediately the first part of the 

theorem. 

2. Now we assume the second part of the theorem is wrong and then, by the 

first part, there exist Iv2],.. . ,  [Vm+l] �9 A(Q, A) not all [0] and [vii �9 A(Q, B) 

such that [vl] + " - +  [Vm+l] = [0]. 

We apply Lemma 2 for the linear maps c~i = #ivi: Q -+ K((t~)), where 

#i: K((t)) --+ K((ti)) is the isomorphism of K-algebras sending t to ti, and 

obtain non-trivial linear maps 

wi: B --+ K(( t l ) ) ,  wi: A --+ K((ti)) for all 2 < i < m + 1 

with the properties described in Lemma 2, i.e., wi (bq) = wi (b)vl(q) and w~ (aq) -- 
wi(a)vi(q) for 2 < i < m + 1. Using the maps wi we construct another linear 

map 

= Wl|174 "| B|174 --+ R = K( ( t i ) ) | 174  "| 



Vol. 129, 2002 HOMOLOGICAL FINITENESS P R O P E R T I E S  235 

that will play an important role in the completion of the proof of Theorem 6. 

Let 

a: B @ (| + B @ (| 

be the linear map given by a(b@al@.. "@am) = ~-]oes,,, (-t)ab|174 
As the image of a factors through B @ (A'~A) it is finitely generated over U(Q). 
Note that Im a is a module over U(Q)@S and a is a homomorphism of U(Q)@S- 
modules, where S = {k E | U(Q) I A~r = A for all a E S,~} and the symmetric 

group S,~ acts on | permuting the factors of the tensor product, i.e., a 

sends A1 @ . . .  @ Am to A~(1) @ "'" @ Ao(m). An arbitrary element t C | U(Q) 
is a root of the polynomial H~esm(x - (t)a) E Six] and hence t is integral over 

S. In addition, | is a finitely generated commutative algebra over K 

(with minimal number of generators ran). Then | U(Q) is integral over S, the 
K-algebra | is integral over U(Q) @ S and so V = Ima(| is 

finitely generated over U(Q). 
Now let s be the non-negative integer with the properties ~(V) c_ J* and 

5(V)  g j~+l,  where J is the ideal of R generated by tl  - t 2 ,  t2 - - t a ,  � 9  tm--tm+l. 
By definition, j0  is R. Then for v E V the image of the diagonal action of q E Q 

on ~(v) is ~(v) ~-]~ c~i(q) = ~(v) ~-~i 7riai(q) modulo j s+ l ,  where ~i: K((t~)) -+ 

K(( t i ) )  is the isomorphism of K-algebras sending ti to ti .  As Ei[vi] = 0 we have 

E i  Trial(q) E K[[tl]] and hence (~(V) + j ,+l) / j~+l lies in a finitely generated 

K[[tl]]-submodule of j~/j~+l _~ a finitely generated, free K((t l ))-module.  

Finally, we choose vi and q E Q such that Im a i  is not a subset of K[[ti]] 
- -  ~ m + l  

and ~i(q) ~ K[[ti]] and define It = (| 1) @ q @ (| 1) E U(Q). Then 

for v E V we have ~(vh) = @(v)c~i(q) -= 5(v)Tri(ai(q)) modulo j~+l and hence 

~ ( V ) + j s + l / J  s+~ is invariant under multiplication with fJ for every j _> 1 where 

f = ~ri(c~i(q)) C K((Q)) \ K[[Q]]. In particular, (~(V) + j~+l)/js+l cannot lie 

in a finitely generated K[[tt]]-submodule of J~/J~+~ ~ a finitely generated, free 

K((tl))-module, a contradiction. 

THEOREM 7: If A and B are finitely generated U(Q)-modules and B @ (| 

is finitely generated over U(Q) via the diagonal action, then B is of type FPm 
over U(L), where the Lie algebra L is the split extension of A by Q. 

Proof." The proof of Theorem 7 is based on the existence of some special long 

exact sequences given by Lemma 7.1. 

LEMMA 7.1: For every k _> 1 the complex 

0 -~ AkA~ .. .  OL~4k A i A @ Sk-iA~ .. .  Ol'~SkA -+ 0 
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with differentials 

O i , k ( ( a l A ' " A a i ) | 1 7 4  

E (--1)i-J(al A . . .  A 5j A . . .  A ai) | (aj | 51 |  | bk_i) 
l~j<i 

for any a l , . . - ,  ai, b l , . . . ,  bk-i in A, is exact. 

Proos Choose a basis A0 of A and order it linearly. Then AiA | s k - i A  has a 

basis {(al A . - . A  ai) @ ( b l | 1 7 4  bk-i) I a l , . . . , a~ ,b l , . . . , bk -~  E A0, al < - "  < 
a~, bl <_ "" <_ bk-~} = Xi,k. We call an element of Xi,k good if bl _> al and define 
by (AiA| the space spanned by the good elements. A partial order on 

Xi,k is defined by ( a lA . . .Aa i ) | 174  "| <_ (a~ A...Aa~)| |174 
' for a l l j < i .  if and only if aj ~ aj 

CLAIM 7.1.1: AiA | Sk-~A = (AiA | Sk-~A)good + Im0i+l,k 

Proof'. We show that a non-good element (al A . . .  A ai) | (bl |  | bk-i) of 

X~,k can be expressed modulo the image of 0i+l,k as a sum of smaller elements 

of Xi,k. Indeed 

(al A. . .  Aai) | (bl |  | + (-1)i+10i+l,k(bl A al A. . . Aai) | (b2 |  | 

is a sum of elements of Xi,k smaller than (a l  A - . -  A ai) | (bl |  | bk-i). This 
completes the proof of the claim. 

It follows immediately from Claim 7.7.1 that 

(6) AiA | s k - i A  = (AiA @ sk-iA)good + Oi+l,k((Ai+lA @ Sk-i-lA)9ood). 

We claim that the sum in (6) is direct and 

Oi+l,k((Ai+lA | sk-i-lA)good) ~ (Ai+IA | sk-i-lA)good . 

For both statements it is sufficient to consider the case when A is finite dimen- 

sional. In this case we define #(i, k) to be the dimension of (AiA @ sk-~A)good, 

i.e., the number of good elements in Xi,k. 

CLAIM 7.7.2: dimK(AiA | Sk- iA)  -- #(i, k) + #(i + 1, k). 

Proos Note that the dimension of AiA | Sk - iA  is the cardinality of Xi,k. It 

remains to show that #(i + 1, k) is the number of non-good elements in Xi,k. This 

can be done by showing a bijection between the non-good elements in "Yi,k and 
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the good elements of "~i+l,k. If (al A . . .  A as) | (bl | "" | bk-i) is a non-good 

element from Xs,k, then (bl  A a l  A . . .  @ as) | (b2 |  | bk - i )  is a good element 

of Xi+l,k. The inverse holds too and the proof of Claim 7.7.2 is completed. 

Note that  Claim 7.7.2 together with (6) shows that 

AiA O Sk- iA (AiA O sk-SA)good @ Os+l,k((Ai+lA O S k - i - l A  ~ ---- )good) 

and that the restriction of Oi+Lk on (AS+lANSk-i-lA)good is injective. Similarly, 

the restriction of 0i,k on (ASA | sk-iA)good is injective and hence Im0i+l,k = 

Ker 0~,k. This completes the proof of Lemma 7.1. 

Now we define 17/for i > 1 to be the subspace of | A generated by the elements 

~ e s ~ ( - 1 )  ~ do(l) N . . .  | a~(i) for all a l , . . . , a s  C A. Let Wi be the U(A)- 
submodule of | | U(A) generated by V~ C_ (| | A C (| | U(A). 

LEMMA 7.2: The map ~i: Vi | U(A) -+ Wi sending ~a6s , ( -1 )aaa (1 )  | . . .  | 

a~(i) | A to ~ e s ~ ( - 1 ) ~ a ~ o )  |  | a~(i-1) | aa(i)A has kernel Wi+l. 

Proo~ We identify 17/ with ASA via the linear map 0i: A i A -+ V/ sending 

al A- . .  A a~ to y ~ s , ( - 1 )  r do(l) 8 . . .  @ ar Write U(A) as a direct sum of 

the symmetric powers of A. We show that (0~-J 1 | idsk-~+~A)~(O~ | idsk-,A): 

AiA | Sk-SA --~ Ai-IA | Sk+I-SA is the map Oi,k defined in Lemma 7.1. Then 

Lemma 7.2 follows from Lemma 7.1. 

Indeed for j = k - i + l ,  (O~Jl|174 |  bj) 
is 

(0i--11 | idsk-'+lA)qOs( E (-1)aa~ @ " "  | do(i) | b l . . .  bj) 
a6S~ 

= (0i--ll | idsk-~+lA)( E (-1)aa~(1) |  | do(i-l) | a~(i)bl.., bj) 
crESi 

-1  
= (0i-1 @ idsk-'+~A)( E E ( -1 )~  

l<_j<i a6Si ,a(i)=jo 

= Z ( - 1 ) i - J ~  (al A . . .  aj0 ""  A ai) | a j & . - . b j .  
j0 

This completes the proof of the lemma. 

LEMMA 7.3: Under the assumptions of Theorem 7, for every i < m the module 
B N Wi is of type FPk over U(L) if  and only i f B  | Wi+l is of type FPk-1 over 
U ( L ), where U ( A ) acts on B | Wi via its action on the component Wi and U ( Q ) 
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acts on B | (| A) | U(A) via the diagonal map U(Q) __+| U(Q) sending an 

element q from Q to ~o<_i<_i l |  | l | | |  | 1. 
Y 

j times i--j times 

Proof The short exact sequence ofU(A)-modules 0 -~ Wi+ l -+ V~| ( A ) ~ ) Wi 

--+ 0 gives rise to a short exact sequence of U(L)-modules 

(7) 0 --+ B | Wi+l -+ B | Vi | U(A)id~~ | Wi -'+ 0, 

where U(Q) acts diagonally on all ,nodules in (7). By Theorem 6(1), B | (O~A) 

is finitely generated over U(Q) via the diagonal action for all i < m and hence 

its submodule B | V/ is finitely generated over U(Q). Then (B | Vi) | U(A) ~- 

(B | Vi) @U(Q) U(L) is induced from a module of type FP~o over U(Q) and is 

itself of type FPoo over U(L). The dimension shifting argument [B, Prop 1.4] 

applied to (7) completes the proof. 

Finally, we are ready to complete the proof of Theorem 7. Applying Lemma 

7.3 several times we obtain B @ W1 is of type FPm-1 over U(L) if and only if 

B |  is of type FPo (i.e., finitely generated) over U(L). Note that B | Vm 

is a generating set of B @ Wm over U(A). By assumption, B | (| A) is finitely 

generated over U(Q) and so B | Vm is finitely generated over U(Q). 

Finally, it remains to show that B | W1 is of type FPm-1 over U(L) if and 

only if B is of type FPm over U(L). This follows immediately from dimension 

shifting argument for the short exact sequence of U(L)-modules 

0 --+ B | W 1 -+ B |  U(A) ~_ B | U(L) -+ B ~ 0 

induced from the short exact sequence 0 --+ W1 --+ U(A) --+ K -+ O. 

Proof of Theorem A: 1 r 2 by Proposition 3 and Lemma 4, 2 r162 3 by Theorem 

6(1). 

Proof of Corollary B: It is a straight corollary of Theorem A and the classification 

of finitely presented Lie algebras in [B-G 1], [B-G 2]. 

Proof of Theorem C: The theorem follows from Lemma 5, Theorem 6 and 

Theorem 7. 
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